Orbit averaging techniques are used to develop analytical approximations of circle-tocircle low-thrust trajectory transfers with plane-change about the Sun. Separate expressions are developed for constant acceleration, or thrust, electric propulsion, solar sail propulsion and combined, or hybrid electric (constant acceleration or thrust) / solar sail propulsion. The analytical expressions uniquely allow the structure of circle-to-circle low-thrust trajectory transfers with plane-change about the Sun to be understood, and the optimal trajectory structure is analytically derived for each propulsion system considered. It is found that the optimal fixed thrust electric propulsion transfer reduces the orbit radius with no plane change and then performs the plane-change, while the optimal solar sail and hybrid transfers combine the reduction of orbit radius with some plane change, before then completing the plane change. The optimal level of plane change during the reduction of orbit radius is derived and it is found the analytically-derived minimum time solar sail transfer is within 1% of the numerically-derived optimal transfer. It is also found that, under the conditions considered, a sail characteristic acceleration of less than 0.5 mm/s 2 can, in 5-years, attain a solar orbit that maintains the observer-to-solar pole zenith angle below 40 degrees for 25 days; the approximate sidereal rotation period of the Sun. However, a sail characteristic acceleration of more than 0.5 mm/s 2 is required to attain an observer-to-solar pole zenith angle below 30 degrees for 25 days within 5-years of launch. Finally, it was found that the hybridization of electric propulsion and solar sail propulsion was, typically, of more benefit when the system was thrust constrained than when it was mass constrained. 
I. Introduction
HE mission concept to place a spacecraft into an high-inclination, or polar orbit over the Sun using solar sail propulsion has been extensively studied since the nineteen seventies. 1 -5 From the earliest studies, it has been clear that such a mission is technically challenging and, in most likelihood, requires the maturation of a form of lowthrust propulsion currently considered as advanced, such as solar sailing. 6 Prior studies have relied on numerical optimization techniques to derive the time optimal transfer trajectory of the solar sail propelled spacecraft. 1 -5, 7 -10 Consequently, the structure of the solar sail time optimal transfer trajectory has been deduced, and is relatively wellunderstood. It should be noted that within these prior studies both ideal and non-ideal solar sail propulsion models 6 and even the effect of optical surface degradation 11, 12 have been considered. This paper presents, for the first time, a fully analytical derivation of an approximately time-optimal transfer from a circular orbit, within the Ecliptic plane, at 1 astronomical unit, au, to a circular, high-inclination orbit of the Sun at radius less than, or equal to 1 au. Transfers are derived for solar sail propulsion, electric propulsion, and hybrid solar sail / electric propulsion, and as such, the techniques developed should be extendable to any other form of low-thrust propulsion. By deriving analytical solutions to the approximately time-optimal transfer unique insights to the problem can be gained, allowing comparison of the optimal transfer trajectory structures using different propulsion systems, and, for the first time allow previously derived solutions to be validated. Additionally, the use of an analytical derived solution allows technology trades to be performed significantly quicker than would otherwise be possible, for example if using any form of numerical optimization.
II. Mission Architecture
In many previous solar polar mission concepts, 1 -5, 7 -10 the mission science goals required an Earth resonant orbit, placing the spacecraft near to the solar limb as seen from Earth to allow observation of the corona along the Sun-Earth line. An Earth resonant orbit limits the orbit radius to ⁄ au, where is an integer representing the resonant value. If this science requirement is not present then the only other rational to adopt a resonant orbit would be to allow continuous spacecraft visibility from Earth for ease of spacecraft operations. It is of note that in mission concepts that do not require a resonant orbit, a resonant orbit radius has typically still been chosen. 13 The peak-duration of communication blackouts due to solar conjunctions against a range of orbit radius for both X-band and K-band communications is shown in Fig. 1 assuming perpendicular relative motion. Note that a 4-T degree field-of-view exclusion is assumed for X-band communications, while a 1.5-degree field-of-view exclusion is assumed for K-band communications. It is seen from Fig. 1 that the likely peak-duration of communication blackouts, on a solar polar orbit, due to solar conjunctions is around two-days for X-band systems and less than 1-day for K-band systems.
A. Transfer Trajectory
The transfer trajectory to a high-inclination, circular orbit will assume a two-phase approach, whereby the orbit radius will be restricted to greater than or equal to the target orbit radius in an attempt to minimize the technology requirements across the complete spacecraft system. The two phases are, reduction of orbit radius to the target value, whilst perhaps performing some plane change maneuver at the same time, and secondly, the rapid increase of orbit inclination to target value while maintaining a near-constant orbit radius.
It has been previously seen that for solar sail transfers to such high-inclination, circular orbits that the first phase should include some amount of plane change. 1 -5, 7 -10 However, the optimal level of plane-change has not previously been detailed. Furthermore, to fully time-optimize a solar sail transfer to a high-inclination orbit, it has previously been seen that the orbit radius at which the orbit plane change maneuver is performed should not be restricted to the target orbit radius. 1 -5, 7 -10 That is, orbit inclination is changed more rapidly by reducing the orbit radius below the target orbit radius, introducing a third phase where the orbit radius is increased back to the target value, whist perhaps also performing a small amount of plane change. It has been shown that such a three-phase transfer can also be used to minimize the technology requirements on the solar sail. 4 Specifically, for fixed transfer duration, the required sail size can be minimized by correctly defining the orbit radius in phase 2. As this radius is reduced the spacecraft size increases due to the thermal loading on the spacecraft, however the sail performance also increases due to the ( ⁄ ) variation in sail performance, reducing the required sail size for a fixed transfer duration. In [4] it is shown that a turning point can be defined at which the mass penalty due to the thermal loadings overcomes the increase in sail performance, this turning point defines the minimum sail technology requirement design point. However, the analysis in [4] does not directly consider spacecraft or mission cost, or risk, and it is likely that the trajectory profile for a minimum cost / risk mission would increase the phase 2 radius above both the time optimal and sail technology optimal radius. Indeed assuming the target orbit radius is less than that of, say, Venus, it is likely that the minimum cost mission would result in the removal of phase three, with phase two occurring at the target orbit radius and hence the spacecraft thermal design load would be the target/operational orbit radius and not that during the transfer trajectory. 
III. Electric Propulsion General Perturbations Approximation
A low-thrust orbit maneuver from an initially, or nearly circular orbit, using tangential thrusting can be approximated as a quasi-circular spiral, 14 as such the orbit radius, r, can be used to replace the semi-major axis, assuming that eccentricity is negligible. Note that with tangential thrusting although the instantaneous variation in eccentricity is non-zero, the secular variation of eccentricity is zero. It is noted from Eq. (1) that any component of thrust that is out of the orbit plane will not contribute towards any orbit raising / lowering, i.e. energy change, maneuver as only in-plane thrusting alters the rate of change of orbit semi-major axis. Resultantly, within this analytical analysis the spacecraft thrust is directed along the vehicle tangential direction and pitched at an angle out of the orbit plane, as shown in Fig. 2 , such that the orbit energy and plane can be controlled. The radial component of acceleration is thus zero. The Lagrange-Gauss variational equations for semi-major axis, inclination, and true anomaly become,
where, ( ) ̇ (4) The Lagrange-Gauss variational equations may be averaged with respect to true anomaly to obtain the longperiod motion using the averaging operator,
gaining,
It should be noted that the use of orbit averaging to obtain long-period motion means that any orbit maneuver will only be accurately represented over an integer number of revolutions. 
A. Constant Acceleration
For a spacecraft with low-thrust propulsion, such as a Solar Electric Propulsion (SEP) system, the reduction in spacecraft mass due to exhaust gases may, in-general, be neglected for short duration maneuvers. 16, 17 As such systems generally maintain constant thrust, this leads the initial acceleration, , to remain constant. Equations (6) -(7) may be re-written using Eq. (8) and assuming zero mass change with respect to time.
where, is the propulsion system exhaust velocity. Thereafter, the modified Eq. (6) - (7) can be solved by defining an out-of-plane thrust angle profile with respect to true anomaly. From Eq. (2) it can be seen that for a fixed out-ofplane angle ( ) the rate of change of inclination will switch sign at true anomaly ( π / 2 ) and ( 3π / 2 ). Therefore, by switching the out-of-plane thrust vector orientation in accordance with this variation, a uniformly positive or negative variation in inclination can be gained. 18 -20 Equation (6) is thus solved directly to obtain,
where, ̃ switches between {-} every half-orbit at true anomaly ( π / 2 ) and ( 3π / 2 ) and the ' ' term is used for a positive or negative rate of change of semi-major axis, respectively. Equation (7) can thereafter be solved sequentially to obtain, ( ) (10) where,
with the ' ' term used for a positive or negative rate of change of semi-major axis, respectively. Using Eq. (9) and (10) it can be shown that for ̃ a low-thrust propelled spacecraft will transfer from a circular 1 au orbit within the ecliptic plane to a circular 0.48 au orbit over the solar poles, inclination 82.75 degrees, in ( ⁄ ) years. However, it is noted that whilst a coupled plane change and orbit energy manoeuvre is possible it is likely to be considered non-ideal from a science perspective, and as will be seen, such a trajectory is also sub-optimal in time and fuel mass consumption. Equation (9) can be re-written to give the first phase duration, assuming a negative change in semi-major axis, for a given out-of-plane angle, as,
with Eq. (10) thereafter giving the orbit inclination at the end of the first phase. To find the time required for the second phase to complete the required orbit plane change Eq. (10) must be re-derived for ( ⁄ ). Noting that for ( ⁄ ) the change in semi-major axis will be zero, Eq. (10) becomes,
hence, the second phase duration is,
where, is the target orbit inclination and the total orbit transfer duration is ( ).
B. Constant Thrust
The derivation of Eq. (9) and (10) assumed that a constant acceleration was delivered by the low-thrust propulsion system. However, this result can be extended to consider constant thrust from the low-thrust propulsion system, where reduction in spacecraft mass due to exhaust gases is no longer neglected, hence providing a more accurate solution. Using Eq. (8) for only constant thrust to rewrite Eq. (6) and subsequently solving gives,
here, ̃ switches between {-} every half-orbit, with the ' ' term being used for a positive or negative rate of change of semi-major axis, respectively. Similarly, Eq. (7) can thereafter be solved to obtain, ( ) (17) where, is as shown in Eq. (12), and
with the ' ' and ' ' term being used for a positive or negative rate of change of semi-major axis, respectively. Equation (16) can be re-written to give the first phase duration, assuming a negative change in semi-major axis, for a given out-of-plane angle, as,
with Eq. (17) thereafter giving the orbit inclination at the end of the first phase. To find the time required for the second phase to complete the required orbit plane change Eq. (17) must be rederived for ( ⁄ ). Noting that for ( ⁄ ) the change in semi-major axis will be zero, Eq. (17) becomes,
IV. Solar Sail General Perturbations Approximation
The prior analysis can be repeated for a solar sail propelled spacecraft. Once again assuming an initially, or nearly circular orbit, the Lagrange-Gauss variational equations presented in Eqs. (1) -(3) can be written,
and averaged using Eq. (5) to give,
From [6] the tangential and out-of-plane perturbation due to the solar sail acceleration is,
where, is the sail lightness number, is the sail pitch angle and is the sail clock angle as defined in [6] .
From [6, 18 -20] the locally optimal (positive) rate of change of semi-major axis / radius, and hence orbit energy, is achieved when ( √ ⁄ ) and ( ⁄ ); for a negative rate of change ( ⁄ ). And, from
[6, 18 -20] the locally optimal rate of change of inclination is achieved when ( √ ⁄ ) and , with the switch of clock angle occurring as for the electric propulsion case at true anomaly ⁄ and ⁄ .
In order to aid the analysis an augmented clock angle is defined, measured from the transverse axis, such that ( ⁄ ); meaning that the augmented clock angle, , will switch sign at true anomaly ( π / 2 ) and ( 3π / 2 ) when considering the change of orbit inclination.
Combining Eq. (25) and (27) , gives,
where, ̃ switches between {-} every half-orbit at true anomaly ( π / 2 ) and ( 3π / 2 ). Noting that ( ) and ( ) , and integrating,
where, ̃ ( ⁄ ) with the ' ' term is used for a positive or negative rate of change of semi-major axis. Direct integration yields, (
where, again the ' ' term is used for a positive or negative rate of change of semi-major axis respectively. That is, if then the positive term is used and if then the negative term is used. Equation (31) can thus be used to determine the first phase duration for a given set of sail pitch and augmented clock angles. The resultant orbit inclination at the end of the first phase can be found by combining Eq. (26) and (28) to yield,
where, ̃ ( ⁄ ) with the ' ' term is used for a positive or negative rate of change of inclination. Using Eq. (31) and integrating yields,
where the ' ' term is used for a positive or negative rate of change of semi-major axis, respectively. To find the time required for the second phase, to complete the required orbit plane change, Eq. (33) must be re-derived using the clock angle rather than the augmented clock angle to get,
where, the ' ' term is used for positive or negative rate of change of inclination, is the target orbit inclination and the total orbit transfer duration is ( ).
V. Hybrid Solar Sail, Constant Acceleration Electric Propulsion General Perturbations Approximation
The analysis presented in the two proceeding sections can be repeated for a hybrid constant acceleration electric propulsion and solar sail propelled spacecraft. Once again assuming an initially, or nearly circular orbit the Lagrange-Gauss variational equations can be averaged, as seen in Eq. (25) & (26) . Recalling Eq. (27) & (28), adopting the locally optimal control laws used previously and again using the augmented clock angle to define the solar sail out-of-plane thrust angle the averaged semi-major axis becomes,
where, is as previously defined in the 'Electric Propulsion' section, that is the electric propulsion out-of-plane thrust angle and where the ' ' term is used for a positive or negative rate of change of semi-major axis. Defining,
where, again the ' ' term is used for a positive or negative rate of change of semi-major axis, respectively. That is, if then the positive term is used and if then the negative term is used. However, Eq. (43) cannot be algebraically re-arranged to give the semi-major axis as a function of time, meaning that the inclination as a function of time cannot be algebraically determined for a varying semi-major axis.
The time taken to alter the inclination between two values can be determined for a constant radius by using Eq. (26) & (28) and adopting the locally optimal inclination control law where ⁄ and ⁄ and and , switching at true anomaly ⁄ and ⁄ . Eq. (26) can thus be solved to give the inclination as a function of time as,
and hence the time between two inclinations is, ( )
It is noted that Eq. (45) can be simplified towards Eq. (15) or (34) when or , respectively.
VI. Hybrid Solar Sail, Constant Thrust Electric Propulsion General Perturbations Approximation
As before, the analysis presented in the proceeding sections can be repeated for a hybrid constant thrust electric propulsion and solar sail propelled spacecraft. Once again assuming an initially, or nearly circular orbit the Lagrange-Gauss variational equations can be averaged, as seen in Eq. (25) & (26). Recalling Eq. (27) & (28) it is noted that the sail lightness number will be a function of time, as the spacecraft mass reduces due to the use of electric propulsion system propellant. From Eq. (8), the spacecraft mass can be written as,
where, is the constant thrust of the electric propulsion system. Noting that the sail lightness number can be written as ( ⁄ ), where is the critical sail loading, 6 and that the sail loading can be written as ( ( ) ⁄ ), where is the surface area of the solar sail, the sail lightness number can be expressed as,
and Eq. (27) & (28) become,
Adopting the locally optimal control laws used previously and again using the augmented clock angle to define the solar sail out-of-plane thrust angle the averaged semi-major axis becomes,
where, is as previously defined in the 'Electric Propulsion' section, that is the electric propulsion out-of-plane thrust angle and where the ' ' term is used for a positive or negative rate of change of semi-major axis. Re-defining Eq. (36) and (37) as,
and recalling Eq. (38) - (42), direct integration yields,
where, the ' ' and ' ' are used for positive/negative rates of change of semi-major axis. As with the constant acceleration hybrid, Eq. (53) cannot be algebraically re-arranged to give the semi-major axis as a function of time, meaning that the inclination as a function of time cannot be algebraically determined for a varying semi-major axis.
The time taken to alter the inclination between two values can be determined for a constant radius by using Eq. (26) and (48) and adopting the locally optimal inclination control law where ⁄ and ⁄ and and , switching at true anomaly ( π / 2 ) and ( 3π / 2 ). Eq. (26) can thus be solved to give the inclination as a function of time as,
and hence the time between two inclinations is,
It is noted that Eq. (55) can be simplified towards Eq. (21) and (34) when or , respectively.
VII. Analysis of Electric Propulsion Solar Polar Transfer
A. Constant Acceleration Considering a constant acceleration low-thrust propelled spacecraft transfer from a circular 1 au orbit within the ecliptic plane to a circular orbit of semi-major axis inclined at a target inclination of , it is found that the total transfer time (in seconds) can be written in the form,
where, and are all constants determined by the orbit parameters, the value of which is not relevant to this analysis. From Eq. (56) it is seen that as the out-of-plane thrust angle tends to 90 degrees the trip time is minimized. However, it should be noted that Eq. (56) is not valid when ( ⁄ ). Using Eq. (9) & (10), Eq. (56) can be re-formulated for the case ( ⁄ ), in other words, when the inclination is changed at 1 au and then the semi-major axis changed only when the target inclination has been reached. As such, Eq. (56) can be written in the form,
where, and are constants, but are not equal in value to those in Eq. (56). For a constant acceleration of 0.2 mm s -2 , equivalent to a thrust of 200 mN on a 1000 kg spacecraft, it is found that the transfer to a 82.75 degree, circular orbit at 0.48 au (a solar polar orbit in a 1:3 Earth resonant orbit) would require approximately 17.5 years to complete (with first phase of 2.09 years) if the semi-major axis changed in phase 1, i.e. ̃ . However, this trip time can be reduced to 12.8 years by changing the inclination at 1 au rather than at the target orbit radius, i.e. ̃ ( ⁄ ). The saving in trip time is from the inclination change phase, with the semi-major axis phase remaining of the same duration. It is found that the same general trends are observed when the target inclination is reduced.
B. Constant Thrust
Considering a constant thrust low-thrust propelled spacecraft transfer from a circular 1 au orbit within the ecliptic plane to a circular orbit of semi-major axis inclined at a target inclination of , it is found that the total transfer time (in seconds) can be written in the form,
where, and are all constants determined by the orbit parameters, the value of which is not relevant to this analysis, and is the propulsion system exhaust velocity. Equation (58) is visualized in Fig. 3 for an initial acceleration, , say, a fixed thrust of on a 1000 kg spacecraft, and degrees, where it is seen that the trip time is minimized when ̃ . For an initial acceleration of 0.2 mm s -2 , it is found that the minimum transfer time, i.e. using ̃ , to a 82.75 degree, circular orbit at 0.48 au is approximately 8.63 years (with first phase of 1.84 years). However, from Eq. (8) it is noted that this transfer requires a fuel mass fraction of approximately 109 %; assuming a propulsion system exhaust velocity, , of 50000 m/s, equivalent to a specific impulse of approximately 5097 m/s. It is found that the same general trends are observed when the target inclination is reduced. For example, the trip time is reduced to 7.48 years (with first phase of 1.84 years) for degrees, peak solar latitude of 60 degrees, with the fuel mass fraction reduced to 94.4 %; assuming the same propulsion system exhaust velocity as before.
VIII. Analysis of Solar Sail Propulsion Solar Polar Transfer
Considering a solar sail propelled spacecraft transfer from a circular 1 au orbit within the ecliptic plane to a circular orbit of semi-major axis inclined at a target inclination of , it is found that the total transfer time (in seconds) can be written in the form, where, and are all constants determined by the orbit parameters, the value of which is not relevant to this analysis. Equation (59) is visualized in Fig. 4 for a solar sail with a characteristic acceleration of 0.2 mm/s 2 (lightness number, ) and degrees. It is seen from Eq. (59) and Fig. 4 that the trip time is minimized when the out-of-plane thrust angle is ( ⁄ ) and that a turning point can be identified when the trip time is minimized. It is found that the same general trends are observed when the target inclination is reduced. Table 1 details the optimal general perturbations solutions for transfers from a circular 1 au orbit within the ecliptic plane to an 82.75 degree and 52.75 degree circular orbit (peak solar latitudes of 90 and 60 degrees, respectively) at a range of target orbit radius. It is seen that, independent of the target inclination, the inclination at the end of the first phase is typically between 7 -9 degrees, whilst the out-of-plane angle in phase 1, ̃, decreases as the target radius is decreased. It is also noted that a turning point occurs in the end of phase 1 inclination as the orbit radius is reduced to very low values.
From Table 1 From Table 1 it is noted that the total transfer time reduces as the target orbit radius is reduced. This can be understood by considering the ratio of Phase 1 duration, to the total mission duration. It is seen that the majority of transfer time is in Phase 2, when the target orbit radius has been achieved and due to the ( ⁄ ) variation in sail performance, the sail is at peak performance level. Whilst this result cannot be generalized for the optimal case due to the variation in the optimal out of plane thrust angle, ̃, with target orbit radius, the optimal out of plane thrust angle can be approximated as a third order polynomial, giving, ̃ 
] years
where, is measured in metres again and not au as in Eq. (60), and are constants determined by the orbit parameters, distinct from those used in Eq. (59) and defined in Table 2 . 
A. Validation
In [2] a typical two-phase transfer trajectory to an orbit radius of 0.48 au, at 90 degrees to the ecliptic plane is derived using a Calculus of Variations approach for a solar sail with a characteristic acceleration of 0.5 mm/s 2 . The first phase is 578 days and increases the orbit inclination to approximately 15 degrees, whilst reducing the orbit radius to 0.48 au, whilst the second phase is 1212 days long and increases the orbit inclination to 90 degrees; giving a total transfer duration of 1790 days, or 4.90 years. It should be noted that the inclination at the end of phase 1 was selected based on empirical evidence as being the quasi-optimal target inclination at the end of phase 1. In [10] a semi-analytical method, which requires the use of numerical methods, is compared against the results presented in [2] . The method developed in [10] remains unable to derive the optimal end of phase 1 orbit inclination; however, once again using an a priori selection of 15 degrees to divide the transfer into two separately considered phases is able to estimate a total transfer duration of 1799 days, or 4.93 years. Furthermore, [10] derives an optimal orbit inclination at the end of phase 1 as approximately 11 degrees, reducing the trip time to 1787 days, or 4.89 years.
Using Eq. (61) the total trip time to an orbit radius of 0.48 au, at 90 degrees to the ecliptic plane, for a solar sail with a characteristic acceleration of 0.5 mm/s 2 , is found to be 4.94 years, with a derived ideal orbit inclination of 8.8 degrees at the end of phase 1, as expected from Table 1 . It is noted that the minimum transfer time using Eq. (61) is approximately 0.8 % more than the optimal transfer time derived in [2] and approximately 1 % more than the optimal transfer time derived in [10] . The effect of varying the orbit inclination at the end of phase 1 is fully and easily quantified in Fig. 5 .
B. Attainable Orbit Space
Using Eq. (61) the attainable orbit space within five years is seen in Fig. 6 , assuming an initially circular orbit at 1 au within the Ecliptic plane and a two-phase transfer. It is seen in Fig. 6 that with a sail characteristic acceleration of 0.2 mm/s 2 a peak solar latitude of 60 degrees cannot be reached in 5-years, whilst with a sail characteristic acceleration of 0.3 and 0.4 mm/s 2 a peak solar latitude of 60 degrees at orbit radius 0.43 and 0.62 au, respectively, can be reached in a similar timeframe. It is also seen in Fig. 6 that restricting sail characteristic acceleration to below 0.5 mm/s 2 , it is not possible using a two-phase 5-year transfer trajectory to attain a solar orbit that maintains the observer-to-solar pole zenith angle, OZA, (see Fig. 7 ) below 30 degrees for 25 days; the approximate sidereal rotation period of the Sun, based on a solar latitude of 16 degrees. It is seen however that a sail characteristic acceleration below 0.5 mm/s 2 can, using a two-phase 5-year transfer trajectory, attain a solar orbit that maintains the OZA below 40 degrees for 25 days.
From Fig. 6 it is apparent that a range of two-phase transfer trajectories are possible within any set of mission requirements. Assuming the spacecraft is required to reach an orbit inclination of 52.75 degrees in 5-years; equivalent to a peak solar latitude of 60 degrees, and that the final OZA should be less than 40 degrees, and ideally should be less than 30 degrees, during a sidereal rotation period of the Sun, the range of two-phase transfer trajectories are defined by the OZA 30 and 40 degree contour lines, giving a target solar radii between 0.550 au and 0.447 au. Table 3 n/a n/a n/a n/a 7.3 years 5.0 years
C. Strawman System Mass Budget
A generic gossamer structure / solar sail model is used to allow general top-level technology capabilities to be analyzed and quantified. Noting that the possible film substrates typically considered in gossamer structures range in density from Polyethylene terephthalate (PET) at 1350 kg/m 3 to LaRCT-CP1 at 1430 kg/m 3 , the generic model is based on Kapton film as this is one of the heaviest films likely to be used (1420 kg/m 3 ). In addition to the film, an allocation of 0.42 g/m 2 is given for adhesives and edge enhancement, but without swivels and without constant force springs. Sail film thickness can be arbitrarily selected; however, 7.5 μm and 2.5 μm films will be considered.
Assuming a 3-axis stabilized gossamer structure, as opposed to a spin-stabilized structure, the support booms for the structure are a primary technology requirement. The impact of boom technology can hence also be quantified within the generic gossamer structure / solar sail model as shown in Fig. 8 . Note within Fig. 8 the DLR boom technology is described within [21 & 22] , whilst the CoilAble booms are described in [23] . It should also be noted that the inflatable booms developed by L'Garde 24 -26 for use in the NASA-funded Sunjammer mission have a lower specific mass than the booms considered in Fig. 8 ; however, this data is not in the public domain.
Using the generic gossamer structure model in Fig. 8 , a platform mass allocation can be determined for a given gossamer surface area, and from this, the approximate science suite payload mass allocation can be estimated as around 20 % of the platform mass. 27 Platform and science suite payload mass allocation budgets are shown in Table  4 -Table 9 for the mission architectures shown in Table 3 , where it is seen that depending on the sail size and mission architecture a science suite payload mass allocation of up to 60 kg can be reasonably anticipated. 
IX. Analysis of Hybrid Solar Sail, Constant Acceleration Electric Propulsion Solar Polar Transfer
As, in this scenario, the inclination as a function of time cannot be algebraically determined for a varying semimajor axis the effect of varying the out-of-plane thrust angle of the solar sail and/or constant acceleration electric propulsion in the first phase cannot be analytically generalized. However, as a conservative estimate of the transfer time to a polar orbit, , both out-of-plane thrust angles in the first phase can be assumed as zero, allowing the transfer time to be determined simply as the sum of Eq. (43) and (45). It is found that the transfer time for such a hybrid propulsion system with a characteristic acceleration of 0.1 mm s -2 , and a constant electric propulsion accelerations of 0.1 mm s -2 , correspond to an initial thrust of 100 mN for a 1000 kg spacecraft, to a polar orbit of target orbit radius of 0.48 au is approximately 13.84 years. In this trajectory only 16 % of the transfer time, approximately 2.27 years, is the first phase where the orbit radius is being reduced from 1 au to 0.48 au, it is hence likely that the transfer time can be reduced by allowing one or both out-of-plane thrust angles in the first phase to be non-zero.
Using a special perturbations technique whereby modified equinoctial elements are used in the equations of motion, which are propagated using an explicit, variable step size Runge-Kutta (4, 5) formula, the Dormand-Price pair, a single-step method, 28 -30 the inclination at the end of phase 1 can be numerically determined. Hence, Table 10 shows the transfer time for a 1000 kg spacecraft with a hybrid constant acceleration (of 0.1 mm s -2 ) electric propulsion and solar sail (characteristic accelerations of 0.1 mm s -2 ; giving a square sail side length of approximately 105 m) propelled to a solar polar orbit, where the solar sail thrust is directed within the orbit plane, i.e. ̃ , over a range of constant acceleration electric propulsion out-of-plane thrust angles. Note that within Table 10 (and Table  11 ) only the inclination at the end of phase 1 cannot be analytically determined. Furthermore, the second phase duration is determined using the general perturbations approximation in Eq. (45) as using the special perturbations solution would require the orbit to be circularized before beginning phase two to gain an accurate total time estimate. It is seen from Table 10 that the transfer time is approximately minimized, in this scenario, for a constant acceleration electric propulsion out-of-plane thrust angle, ̃ . Table 11 extends the results in Table 10 by fixing the constant acceleration electric propulsion out-of-plane thrust angle, ̃ and varying the solar sail out of plane thrust angle. From Table 11 it is seen that the transfer time to a solar polar orbit is approximately minimized, in this scenario, when the constant acceleration electric propulsion out of plane thrust angle, ̃ and ̃ ; reducing the transfer time by approximately 1-year (7 %) from the conservative scenario presented in previously.
The results presented in Table 10 and Table 11 were manually generated in-order to gain an understanding of the solution space, from these results it is clear that the solution space is relatively simple, although a small local minimum is noted at around ̃ and ̃ . To extend Table 11 a simple numerical optimizer can thus be used to determine the best out-of-plane angles in phase 1. As for Table 10 and Table 11 the second phase duration is determined using the general perturbations approximation in Eq. (45) and as such numerical integration is restricted to phase one, making the solution of the numerical optimization problem fast.
A Nelder-Mead Simplex Method, which does not use numerical or analytic gradients, 31 is applied to solve an objective function that simply minimizes total duration with a solution tolerance on the control angles of and a solution tolerance of 1000 seconds on the trajectory duration. It is found that providing an initial guess where both angles are below the noted local minimum at around ̃ and ̃ the optimiser converges to a local optimal solution in this vicinity. However, providing an initial guess where both angles are above the local minimum the optimizer determines a minimum trip time of 12.821 years using an electric propulsion thrust out of plane angle, ̃ and a solar sail out of plane angle of ̃ . 
X. Analysis of Hybrid Solar Sail, Constant Thrust Electric Propulsion Solar Polar Transfer
As once again in this scenario the inclination as a function of time cannot be algebraically determined for a varying semi-major axis the effect of varying the out-of-plane thrust angle of the solar sail and/or constant thrust electric propulsion in the first phase cannot be analytically determined. As in the constant acceleration scenario, a conservative estimate of the transfer time to a polar orbit, , can be gained by assuming both out-of-plane thrust angles in the first phase are zero, allowing the transfer time to be determined simply as the sum of Eq. (53) & (55). The transfer time for such a hybrid propulsion system with a characteristic acceleration of 0.1 mm s -2 , and a constant electric propulsion accelerations of 0.1 mm s -2 , correspond to an initial thrust of 100 mN for a 1000 kg spacecraft, to a polar orbit of target orbit radius of 0.48 au is approximately 10.4 years. Of this, 2.1 years (~20 % of the transfer) is spent in phase 1, reducing the orbit radius from 1 au to 0.48 au. It is also of note that the transfer requires a solar sail of surface area 11020 m 2 (equivalent to a square sail side length of 105 m) and a fuel mass fraction of approximately 65 %, assuming a propulsion system exhaust velocity, , of 50000 m/s, equivalent to a specific impulse of approximately 5097 m/s.
The out-of-plane angle analysis performed in the constant acceleration scenario is repeated for this constant thrust scenario. Once again, the Nelder-Mead Simplex Method is applied with an objective function to minimize total duration, with a solution tolerance on the control angles of and a solution tolerance of 1000 seconds on the trajectory duration. It is found that the optimizer determines a minimum trip time of 10.083 years using an electric propulsion thrust out of plane angle, ̃ and a solar sail out of plane angle of ̃ .
A. Strawman System Mass Budget
Assuming two system launch masses of 1000 kg and 1600 kg, where the latter is representative of the maximum possible Soyuz launch mass, a strawman system mass budget allocation can be developed using the models introduced in the earlier solar sail section. Furthermore, the use of QinetiQ T6 electric propulsion thrusters at full power, producing 143 mN of thrust at specific impulse 4120 seconds, will be assumed a priori for this analysis. 32 As such, the constant thrust electric propulsion system will provide an initial acceleration of 0.143 mm s -2 and 0.089 mm s -2 , for the two assumed launch masses. The time/sail size required by the three principle mission architecture options introduced in Table 3 , plus one of the fast mission architectures, is shown in Fig. 9 for the two system launch masses of 1000 kg and 1600 kg. Table 3 .
Considering mission architecture B 2 using a 100 m gossamer structure it is possible to determine the approximately equivalent mission timeline for a non-hybrid mission, that is, a pure solar sail. Table 12 shows this  comparison. Within Table 12 the spacecraft dry mass is also adjusted to account for the xenon tanks and other paraphernalia associated with the electric propulsion system. The adjustment is taken simply as 5 % of the fuel mass and assumes that the power for the electric propulsion system was delivered using thin-film photovoltaic cells on the gossamer structure; however, the impact on surface reflectivity due to these cells is neglected in all analysis at this stage. From Table 12 it is seen that the hybrid system architecture offers real benefits for the higher launch mass where the trade is technology constrained, i.e. fixed sail size. This trade is again performed in Table 13 for  architecture C   2 , where it is seen that the hybrid system architecture offers little, if any, advantage for either launch mass, and will most-likely result in a slower mission than a pure solar sail mission.
Alternatively to Table 12 and Table 13 , a comparison can be made using the trip time; it is however noted from Fig. 9 that the 1600 kg launch mass scenario requires a gossamer structure in excess of 175 m in side-length to achieve a trip time of less than 5-years, while the 1000 kg launch mass scenario requires a more modest 115 m and 125 m side length for architectures A 2 and B
2
. Table 14 shows that for these time limited comparisons the hybrid system architectures do offers some advantages, in that the solar sail alone time is increased for the same sail, or the sail performance would need to increase to maintain the hybrid trip time. In summary, it can be concluded that for a mass constrained system hybridization of these propulsion systems is of less benefit than a thrust constrained system. 
XI. Conclusion
It has been shown that orbit averaging techniques can be used to develop an analytical approximation of a circleto-circle low-thrust trajectory transfer with plane-change. Analytical expressions were developed for constant acceleration and thrust electric propulsion, and solar sail propulsion. It was found that electric propulsion required an excessive fuel mass fraction for transfers to solar polar orbits, while the solar sail expression was accurate to within 1% of the time-optimal solution obtained through numerical optimization. It was also found that the structure of the three transfers was significantly different; a constant acceleration electric propulsion transfer is optimized by performing the complete plane-change at the maximum circular orbit radius, while a constant thrust electric propulsion transfer is optimized by performing the complete plane-change at the minimum circular orbit radius. It was analytically demonstrated however that the optimal solar sail transfer combines plane-change and the change in orbit radius, and furthermore, the optimal level of plane change was analytically determined.
Expressions were also developed for spacecraft with hybrid electric (constant acceleration and thrust) and solar sail propulsion. However, no analytical expression could be derived for the change of semi-major axis as a function of time, whilst also changing the inclination; as such the change in inclination could not be analytically quantified, which in-turn prohibited the development of a fully analytical expression for such hybrid propulsion systems. The use of a simple Nelder-Mead Simplex Method however allowed this to be easily overcome and it was found that the optimal hybrid electric (constant acceleration and thrust) and solar sail propulsion transfer was similar in basic structure to that of a solar sail.
Finally, a strawman system design analysis was performed using the developed analytical expressions. It was determined that, assuming an initially circular orbit at 1 au within the ecliptic plane, that the minimum radius is the target radius, that no gravity-assists are used, and that the transfer is limited to 5-years that a sail characteristic acceleration of less than 0.5 mm/s 2 can attain an orbit that maintains the observer-to-solar pole zenith angle below 40 degrees for 25 days; the approximate sidereal rotation period of the Sun, based on a solar latitude of 16 degrees. However, a sail characteristic acceleration of more than 0.5 mm/s 2 is required to maintain the observer-to-solar pole zenith angle below 30 degrees for 25 days. It was also found that the hybridization of electric propulsion and solar sail propulsion was, typically, of more benefit when the system was thrust constrained than when it was mass constrained.
